In this article we apply a Bochner type formula to show that on a compact conformally flat riemannian manifold (or half-conformally flat in dimension 4) certain types of orthogonal almost-complex structures, if they exist, give the absolute minimum for the energy functional. We give a few examples when such minimizers exist, and in particular, we prove that the standard almost-complex structure on the round S 6 gives the absolute minimum for the energy. We also discuss the uniqueness of this minimum and the extension of these results to other orthogonal G-structures.
Introduction
Let (M 2n , g) be a Riemannian manifold. An orthogonal almost-complex structure on M is an automorphism of the tangent bundle J : TM → TM which is orthogonal with respect to g and satisfies J 2 = −id TM . The combination (g, J) is also called an "almost-hermitian structure" on M.
Associated with such a structure is the Kähler form ω = g(J·, ·) (or "J with its indices lowered by g") and the energy E(ω), defined for a compact manifold by
Centro de Investigación en Matemáticas (CIMAT), A.P. 402, Guanajuato 36000, Gto., Mexico e-mail: lamoneda@cimat.mx where ∇ω is the covariant derivative of ω with respect to the Levi-Civita connection associated with g, and vol is the volume element associated with g. 1 A natural problem to consider in this context is that of the critical points of the energy functional, for a fixed (M, g). In particular, one seeks orthogonal almostcomplex structures J of minimal energy.
For n = 1, i.e., (M, g) an oriented riemannian surface, J is unique (up to a sign) and E(ω) = 0. For n > 1, E(ω) ≥ 0 with equality if and only if ∇ω ≡ 0, which is the Kähler condition, i.e., J is integrable and ω is closed.
If (M, g) does not admit a Kähler metric then we do not know in general if a minimum occurs, let alone its value. However, in case (M, g) is conformally flat (or "half-conformally-flat" for dim M = 4), we are able to derive a useful sufficient condition for the existence of an energy minimizing J and a formula for its energy in terms of the total scalar curvature of g. This is the main result of this paper (Theorem 1).
The key ingredient for the proof is a general Bochner-type formula for orthogonal G-structures previously published in [12] and [3] . Briefly, we consider the GrayHervella decomposition of ∇ω, i.e., its decomposition into the direct sum of four U n -irreducible components
and the corresponding
where
The Bochner-type formula of [3] implies, under the stated condition of conformal flatness on (M, g), that
where "const." is some positive multiple of the total scalar curvature of (M, g). It follows immediately from Formula (1) that the vanishing of certain components of ∇ω implies that J is an energy minimizer. In particular, it follows from formula (1) that the standard orthogonal almost-complex-structure on the 6-sphere S 6 , equipped with its standard (round) metric, is an energy minimizer (see Theorem 2). Incidentally, this result contradicts that of [19] , where it is claimed that this structure is not even a local minimizer.
We notice that our formula (1) and its implications is quite similar to other variational problems of geometric origin, such as the Yang-Mills equations in dimension 4 and harmonic maps between Kähler manifolds. In these problems, as in ours, there is a natural decomposition of the "energy" into several components, and one can show that a certain linear combination of these components is identically constant. It follows
